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Abstract We find exact solutions for f (T ) teleparallel grav-
ity for the cases of spherically and cylindrically symmet-
ric tetrads. The adopted method is based on the search for
Noether symmetries of point-like Lagrangians defined in Jor-
dan and Einstein frames. Constants of motion are used to re-
duce the dynamical system. We first consider the Lagrangian
defined in the Jordan frame for a spherically symmetric tetrad
and, by the help of two constants of motion, we eliminate a
tetrad potential and integrate the other. The more compli-
cated structure in the Einstein frame is also overcome by
the same method. After that we obtain the Jordan frame La-
grangian for a general cylindrically symmetric tetrad. Fol-
lowing the same procedure adopted in the spherically sym-
metric case, we again obtain the tetrad potentials and then
the exact solutions.
PACS 04.25.-g; 04.25.Nx; 04.40.Nr
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1 Introduction
Although General Relativity is accepted to be the most suc-
cessful theory of gravity, due, for example, to the recent dis-
covery of gravitational waves confirming the validity of the
Einstein approach, it is worth noticing that this success is
valid observationally below the solar system scale and the-
oretically far away from the Planck scale. We can roughly
say that General Relativity has some observational short-
comings at infrared (IR) and theoretical shortcomings at ul-
traviolet (UV) scale. For example, at the UV scale, early
universe cosmology with General Relativity necessitates an
ae-mail: ali.nurbaki@ogr.istanbul.edu.tr
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ce-mail: capozziello@na.infn.it
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early inflation era in order to determine conditions for to-
day’s universe. Other than that, renormalization of gravity
at the quantum regime and unification with other forces re-
quires the General Relativity has to be modified. At the IR
scale, on the other hand, the theoretical prediction of accel-
erated expansion of the Universe with General Relativity re-
quires either the help of a source term, the so called "dark
energy," or a cosmological constant term. Similarly, the case
of galactic rotation dynamics or the dynamics of the galac-
tic clusters analyzed with General Relativity again calls for
the help of source terms, namely the "dark matter". Despite
the evidence of these dark ingredients at astrophysical and
cosmological scales, they continue to escape any finding at
fundamental scales.
Many researchers now look for a source for dark compo-
nents not in the matter sector, but in geometry by taking into
account modified theories of gravitation. There have been
many attempts to extend Einstein gravity to the UV and the
IR scales [1]. However, how the extension is done depends
very much on the motivation. For example one can extend
General Relativity to five dimensions in order to unify it with
Electromagnetism. Another way of extension is to add scalar
field(s) to the Lagrangian as it is done in Brans–Dicke theory
to obtain a fully Machian theory. Last but not least method of
extending General Relativity is adding higher order geomet-
ric invariants to the Lagrangian. This was the case when first
attempts were performed to renormalize General Relativ-
ity. Then, independent of renormalization concerns, mostly
for observational motivations, higher-order terms were in-
troduced as general functional forms f (R) in the Lagrangian.
This theories are called Extended Theories of Gravity if Gen-
eral Relativity belongs to the group or Modified Theories of
Gravity if the Einstein approach is not retained.
All these alternative theories of gravity can be consid-
ered beyond the standard General Relativity when conflicts
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2with observations are taken into account. In a naive approach,
these conflicts with observations can be palliatively solved
by adding dark matter and dark energy terms to the source
sector of Einstein’s equations. On the other hand, Extended
Theories of Gravity deal with dark matter and dark energy as
curvature effects and define modifications of the geometric
sector of the equations [2–5]. What is used is not always
the functional form of the Ricci curvature scalar R; gen-
eral functions of different geometric invariants as the tor-
sion scalar T , the Gauss-Bonnet topological invariant G , the
Weyl scalars, etc. are also in the class of modified gravity
theories.
Here we take into account a theory of gravitation with
torsion, the so called "Teleparallel Equivalent of General
Relativity (TEGR)", [6] and its extension, the so-called f (T )
gravity. The aim is to obtain exact solutions adopting the
Noether Symmetry Approach [7]. In particular, we are in-
terested in obtaining spherically and cylindrically symmet-
ric solutions.
The layout of the paper is the following. The main in-
gredient of TEGR are summarized in Sec. 2. Sec. 3 is de-
voted to recast f (T ) gravity in scalar-tensor form in order to
deal with conformal transformations. The Noether Symme-
try Approach for our scalar-tensor form of f (T ) is discussed
in Sec.4. Spherical solutions in Jordan and Einstein frames
are derived in Sec. 5. Solutions for a cylindrical symmetric
tetrad are derived in Sec. 6. Conclusions are drawn in Sec.
7.
2 Teleparallel Equivalent General Relativity and its
f (T ) extension
After f (R) gravity gained attention in the context of modi-
fied gravities, it has been realized that modification of grav-
ity cannot be limited only to functions of Ricci scalar cur-
vature invariant R. In fact, also functional forms of other ge-
ometric invariants such as torsion or Gauss-Bonnet invari-
ants can be useful to address the problem of gravity at UV
and IR scales [8–12]. Recently one of these theories, namely
the f (T ) gravity, gained much attention amongst the others
because it was shown to explain cosmological phenomena
such as the early inflation [8] and the late acceleration [13]
of the universe (for a review see [14]). Besides, there is the
possibility to explain galactic dark matter phenomena via
f (T ) gravity [15, 16].
Gravitational theories with torsion were developed first
by Einstein himself. Being a gauge theory of gravity and giv-
ing an equivalent physics to General Relativity, it is called
"Teleparallel Equivalent of General Relativity". The dynam-
ical variable of the theory is the tetrad field and the connec-
tion is the Weitzenböck connection
Γ ραβ ≡ e
ρ
A∂αe
A
β , (1)
which gives zero curvature but non-zero torsion. Torsion
tensor is
T ραβ = Γ
ρ
αβ −Γ
ρ
βα ≡ e
ρ
A[∂αe
A
β −∂β eAα ]. (2)
Torsion scalar can be computed such that
T ≡ SραβT ραβ , (3)
where
Sραβ ≡ 12 [K
αβ
ρ +δαρ T
γβ
γ −δ βρ T γα γ ], (4)
and
Kαβρ ≡−12 [T
αβ
ρ −T βαρ −Tραβ ]. (5)
Gravitational Lagrangian in TEGR is represented by the tor-
sion scalar T and thus the action is
I =
∫
d4xeT. (6)
Like in f (R) theory of gravity, action (6) can be straightfor-
wardly generalized to
I =
∫
d4xe f (T )+ Im, (7)
where e = det eiµ =
√−g, Im is the matter action, and the
units can be chosen so that c = 16piG = 1. This Lagrangian
gives us the so-called f (T ) theory of gravity. It has first been
proposed to explain the early inflation of the Universe, and
then it is observed that this theory could explain the late time
cosmic acceleration and the dark matter phenomena. For the
other physical motivations, the reader can see the book [6].
3 f (T ) theory in scalar–tensor form
It is possible to recast f (T ) Lagrangian in an equivalent
scalar-tensor form by choosing a suitable scalar field [17].
A general form of the action (7) can be written as
I =
∫
d4xe[ f (χ)+(T −χ) f ′(χ)]+ Im(eiµ), (8)
where f ′(χ) ≡ d f/dχ . It is straightforward to see that if
f ′′(χ) 6= 0 then the field equation for χ , i.e. (T −χ) f ′′(χ) =
0, is solved by χ = T . Substitution of this into (8) gives
back the action (7). If we introduce a scalar field ϕ = ϕ(r)
satisfying F(ϕ) = f ′(χ), then (8) can be written in the form
of an action for a scalar–tensor theory:
IJF =
∫
d4xe[F(ϕ)T−ω(ϕ)gµν∇µϕ∇νϕ−V (ϕ)]+Im(eiµ),
(9)
where V (ϕ) = χ f ′(χ)− f (χ) is the scalar potential. This
form of the action is in the Jordan frame since it contains
non-minimally coupled terms.
3However, an important remark is in order at this point.
As discussed in details in [14], f (T ) and f (R) gravity are
deeply different. For example, f (R)gravity gives rise to fourth-
order field equations while f (T ) remains of second order
like standard TEGR with f (T ) = T . Furthermore, one can-
not univocally write f (T ) gravity as a torsion scalar and a
scalar field, as in the case of f (R) which can be always
recast as a curvature scalar and a scalar field. This is be-
cause f (T ) is not invariant under local Lorentz transforma-
tion. This feature of the theory means that one can generate
a torsion scalar T with a scalar field and, at the same time,
one can generate another T˜ , for the same spacetime, with
another scalar field. In other words, the scalar-tensor form
of f (T ) gravity assumes physical meaning only if a specific
tetrad is defined and, starting from this, a related metric is
derived as we will do below. Thanks to these considerations,
it is realistic to search for solutions in f (T ) gravity.
Applying a conformal transformation, one can obtain
an equivalent action which equals to Einstein–Hilbert term
plus a scalar field, i.e., the action of a scalar–tensor theory
in the Einstein frame. In some works [17, 18], it is inves-
tigated whether f (T ) gravity behaves in the same fashion
as f (R) gravity under a conformal transformation. Further-
more, as pointed out in [19], a conformal formulation can
always be adopted in a pure and extended TEGR, that is for
an action containing just T or its extension f (T ). Specif-
ically, these authors propose conformal scalar and gauge
theories in TEGR and study the conformal torsion gravity.
They demonstrate the existence of cosmological solutions
like power-law acceleration and de Sitter expansion, real-
ized in the framework of f (T ) gravity where a conformal
scalar field and a conformal torsion are present.
Following these works, it is possible to write the confor-
mal transformation for the torsion scalar as
Tˆ =Ω−2T +4Ω−3∂ µΩT ρρµ −6Ω−4∂µΩ∂ µΩ (10)
and then
T =Ω 2Tˆ −4Ω∂ µΩ Tˆ ρρµ −6∂ˆ µΩ∂ˆµΩ , (11)
where we used
gˆµν =Ω 2(x)gµν , gˆµν =Ω−2(x)gµν , (12)
and
eˆaµ =Ω(x)e
a
µ , eˆ
µ
a =Ω
−1(x)eµa , eˆ =Ω
4e. (13)
By using (11) in (9) we obtain a scalar–tensor theory in the
Einstein frame as
IEF =
∫
d4x e
[
Tˆ −2 [F
′
(ϕ)]
F
∇ˆµϕTˆ ρρµ (14)
−(2ω
F
+
3[F
′
(ϕ)]2
F2
)
1
2
gˆµν ∇ˆµϕ∇ˆνϕ−U(ϕ)
]
+ Im,
or alternatively
IEF =
∫
d4x e
[
Tˆ +2F−1∂ˆ µF Tˆ ρρµ − 12 gˆ
µν ∇ˆµψ∇ˆνψ−U(ϕ)
]
+Im[F(ϕ)−1/2eˆiµ ], (15)
where
F =Ω 2, U =
V (ϕ)
F(ϕ)2
,
and(
dψ
dϕ
)2
=
(
2ω
F
+
3[F
′
(ϕ)]2
F2
)
.
In Ref.[17], the Lagrangian in the Einstein frame is different
from (15). If we vary matter free form of this Lagrangian
(where Im vanishes) with respect to eˆiλ , we obtain the fol-
lowing field equations
∂ˆµ(eˆS
µλ
i )+ eˆeˆ
ν
i Tˆ
ρ
µν Sˆ
µλ
ρ − 14 eˆeˆ
λ
i Tˆ
+
1
2
∂µ(eˆF−1∂ˆ µFeˆ λi − eˆF−1∂ˆ λFeˆ µi )
+
1
2
eˆeˆ λi F
−1∂ˆ µ Tˆ ρρµ +
1
2
eˆeˆ ρi F
−1∂ˆ µ Tˆ λρµ
+
1
4
eˆeˆ νi ∇ˆ
λψ∇ˆνψ− 18 eˆeˆ
λ
i ∇ˆ
µψ∇ˆµψ
−1
4
eˆeˆ λi U(ψ) = 0. (16)
By a rapid inspection of the field equations, we see that
the first three terms come from the torsion scalar T and the
last three terms are related with the scalar field. These six
terms are the expected terms for a scalar–tensor theory in the
Einstein frame. But the remaining three terms, coming from
the torsion tensor, prevents us from obtaining true Einstein
frame field equations.
Using the first form of the Einstein frame action (14) and
by defining a spherically symmetric tetrad as
eiν =

A(r) 0 0 0
0 B(r) 0 0
0 0 M(r) 0
0 0 0 M(r)sinθ
 , (17)
we obtain the point-like Lagrangian in the Einstein frame
given as
LEF = sinθ( − ABM2U + ϕ
2
r AM
2ω(ϕ)
FB
+
2M2r A
B
− 4ArMrM
B
+
4ϕrMrABM
F(ϕ)
+
2ϕrArFϕBM2
F(ϕ)
− 3ϕ
2
r F
2
ϕAM
2
F2B
). (18)
4Where lower index indicates differentiation. Similar to (18)
a point-like Lagrangian for the Jordan frame can be obtained
from (9) and (17) as
LJF = −ϕ
2
r AM
2ω(ϕ)sinθ
B
− 2M
2
r AF(ϕ)sinθ
B
−4ArMrMF(ϕ)sinθ
B
−ABM2V (ϕ)sinθ , (19)
which is canonical but singular. The singularity emerges due
to the fact that this Lagrangian does not contain any term
with Br.
4 The Noether Symmetry Approach
Noether symmetries have become a standard tool in math-
ematical physics. They are useful both for simplification of
differential equations and determination of integrable sys-
tems. In our context, the Noether Symmetry Approach is
often used in modified and extended gravity theories for
constraining the functional form of the Lagrangian densities
f (R), f (T ), f (R,G ) etc., as well as finding solutions of the
field equations from such point-like Lagrangians [7, 20–25].
Noether symmetry exists for a Lagrangian L such that
Lie derivative along a Noether vector X vanishes for L:
LX L = 0, (20)
namely
XL = 0 . (21)
In our case, we define the Noether vector as a general in-
finitesimal symmetry generator given by
X = α∂A+β∂B+ γ∂ϕ +δ∂M + α˙∂A˙+ β˙ ∂B˙+ γ˙∂ϕ˙ + δ˙ ∂M˙,
(22)
where overdot indicates differentiation with respect to an
affine parameter (in this case r) and
α˙ =
(
∂α
∂A
)
A˙+
(
∂α
∂B
)
B˙+
(
∂α
∂ϕ
)
ϕ˙+
(
∂α
∂M
)
M˙ , (23)
β˙ =
(
∂β
∂A
)
A˙+
(
∂β
∂B
)
B˙+
(
∂β
∂ϕ
)
ϕ˙+
(
∂β
∂M
)
M˙ , (24)
γ˙ =
(
∂γ
∂A
)
A˙+
(
∂γ
∂B
)
B˙+
(
∂γ
∂ϕ
)
ϕ˙+
(
∂γ
∂M
)
M˙ , (25)
δ˙ =
(
∂δ
∂A
)
A˙+
(
∂δ
∂B
)
B˙+
(
∂δ
∂ϕ
)
ϕ˙+
(
∂δ
∂M
)
M˙ . (26)
A Noether symmetry leads to the existence of a constant of
motion given by
Σ = α
∂L
∂ A˙
+β
∂L
∂ B˙
+ γ
∂L
∂ ϕ˙
+δ
∂L
∂M˙
. (27)
We choose to represent α,β ,γ,δ functions as components
of a vector defined by
→
N= (α,β ,γ,δ ) , (28)
which corresponds to the generating vector (22). If we find
a set of components for
→
N by using XL = 0, then we can
find a way to integrate the functions A,B,M,ϕ by construct-
ing constants of motion. In the next section, we are going
to apply Noether symmetries to the Lagrangians defined in
both Jordan and Einstein frames for a general spherically
symmetric tetrad.
5 Spherical solutions in Jordan and Einstein frame via
Noether symmetries
5.1 Jordan frame
By using the point-like Lagrangian for the Jordan frame (19)
we write down the Noether equation, XL = 0, equating the
coefficients of A˙2, B˙2, M˙2, ϕ˙2 and the cross terms like A˙B˙,
A˙M˙, A˙ϕ˙ , B˙M˙, B˙ϕ˙ , M˙ϕ˙ etc. along with the term free from
derivative with respect to r to zero. Doing so we obtained a
set of 11 partial differential equations for F(ϕ), ω(ϕ), and
V (ϕ). Not all these equations are independent however. In-
dependent equations are
δA = 0, δB = 0, αB = 0, γB = 0, (29)
Fϕ
F
γ+δM +αA− βB +
δ
M
+
A
M
δA = 0, (30)
ωϕ
ω
γ+ γϕ +2
δ
M
+
α
A
− β
B
= 0, (31)
ω
F
AMγA+2δϕ = 0, (32)
ω
F
MγM +2
αϕ
A
+2
δϕ
M
= 0, (33)
Vϕ
V
γ+2
δ
M
+
α
A
+
β
B
= 0, (34)
Fϕ
F
γ+2δM− βB +
αA
A
+2
M
A
αM = 0. (35)
We can find two linearly independent vectors satisfying
these equations, which are
→
N1= (A,B,ϕ,M) ,
→
N2= (3A,B,ϕ,M). (36)
Thus, F(ϕ),ω(ϕ), and V (ϕ) can be solved from equations
(29)-(35) for these Noether vectors as
F(ϕ) =
c1
ϕ2
, ω(ϕ) =
c2
ϕ3
, V (ϕ) =
c3
ϕ4
. (37)
5We know that for commuting Noether vectors of a system,
we can construct multiple constants of motion for that sys-
tem (see [26] for details). By using (27) and (36) we obtain
two constants of motion, Σ1 and Σ2, given by
Σ1 = −2sin(θ)ϕϕrAM
2ω
B
−8sin(θ)MMrFA
B
−4sin(θ)ArFM
2
B
, (38)
Σ2 =−2sin(θ)ϕϕrAM
2ω
B
−12sin(θ)MMrFA
B
. (39)
Following [20], we can integrate Ar to obtain A. For this, we
need to eliminate B from (38) and (39). By using (39) we
obtain B as
B =−2sin(θ) (ϕϕrAM
2ω+6MMrFA)
Σ2
. (40)
We can substitute this expression into (38) together with (37)
and, after defining M = r, we arrive to the expression
Σ1(c2r
ϕr
ϕ2
+6
c1
ϕ2
) = Σ2(c2r
ϕr
ϕ2
+4
c1
ϕ2
+2
c1r
ϕ2
Ar
A
). (41)
After integrating this equation, we obtain A(r) as
A(r) =
e
(Σ1−Σ2)c2ϕ
2c1
Kr
2Σ2
3Σ1
. (42)
In the case of ϕ = ln(r), this expression turns out to be
A(r) =
1
K
r
(Σ1−Σ2)c2
2c1
− 2Σ23Σ1 . (43)
By substituting (43) into (40), we finally obtain B(r) as
B(r) =
−2sin(θ)(c2+6c1)
KΣ2
r1+
(Σ1−Σ2)c2
2c1
− 2Σ23Σ1
ln(r)2
. (44)
By obtaining the potentials A(r), B(r) via Noether symmetry
method, we thus find the spherically symmetric solution in
the Jordan frame.
5.2 Einstein Frame
By using the point-like Lagrangian for the Einstein frame
(18) in the Noether equation, XL = 0, and equating the co-
efficients of the quadratic first order derivatives to zero as it
is done in the Jordan frame, we obtain the following set of
equations:
−(2AM
2ω
FB
+
3F ′2AM2
F2B
)γM +
4F ′ABM
F
γϕ
+(
4F”ABM
F
− 4F
′2ABM
F2
)γ+
2F ′BM2
F
αM
+
4F ′ABM
F
δM +
4F ′BM
F
α− 4M
B
αϕ
+
4F ′AM
F
β +
4F ′AB
F
δ − 4A
B
δϕ = 0, (45)
−(2AM
2ω
FB
+
3F ′2AM2
F2B
)γA+
2F ′BM2
F
γϕ
+(
2F”BM2
F
− 2F
′2BM2
F2
)γ+
2F ′BM2
F
αA
+
4F ′ABM
F
δA+
2F ′BM2
F
β
+
4F ′BM
F
δ − 4M
B
δϕ = 0, (46)
−(2AM
2ω
FB
+
3F ′2AM2
F2B
)γϕ − AM
2ωϕ
FB
γ
+
F ′AM2ω
F2B
γ− 3F
′F”AM2
F2B
γ+
3F ′3AM2
F3B
γ
−(M
2ω
FB
+
3F ′2M2
2F2B
)α+
2F ′BM2
F
αϕ
+(
AM2ω
FB2
+
3F ′2AM2
2F2B2
)β
−(2AMω
FB
+
3F ′2AM
F2B
)δ +
4F ′ABM
F
δϕ = 0, (47)
4F ′ABM
F
γM− 4MB αM−
4A
B
δM− 2Bα+
2A
B2
β = 0, (48)
2F ′BM2
F
γM +
4F ′ABM
F
γA− 4MB αA+
4M
B2
β
−4A
B
δA− 4Bδ −
4M
B
δM = 0, (49)
−(2AM
2ω
FB
+
3F ′2AM2
F2B
)γB+
2F ′BM2
F
αB
+
4F ′ABM
F
δB = 0, (50)
4F ′ABM
F
γB− 4AB δB−
4M
B
αB = 0, (51)
2F ′BM2
F
γB− 4MB δB = 0, (52)
2F ′BM2
F
γA− 4MB δA = 0, (53)
−BM2Uα−AM2Uβ −ABM2Uϕγ−2ABMUδ = 0. (54)
We can find two linearly independent vectors satisfying
equations (45) – (54), which are
→
N3= (0,0,k,0),
→
N4= (−2A,0,0,M), (55)
where K is a constant. Following the same procedure as in
the Jordan frame, we find that
F(ϕ) = k1eKϕ , ω(ϕ) = k2eKϕ , U(ϕ) =U0, (56)
6with the corresponding constants of motion given respec-
tively by
Σ3 = 2sin(θ)K
ϕrAM2ω
FB
+4sin(θ)K
ABMMrF ′
F
+2sin(θ)K
ArBM2F ′
F
−3sin(θ)KϕrAM
2F ′2
F2B
. (57)
Σ4 = 4sin(θ)
AM−ArM2
B
. (58)
We can eliminate B using these two constants of motion.
To do that, we firstly substitute the results (56) into (57), and
then use M = r together with the constraint 2k2 = 3k1K2.
Now we can integrate and find a solution for A(r) given by
A(r) =
√
Σ3Σ4
k1K
1
2r
. (59)
From (58) and (59) it follows immediately that
B(r) = 4sin(θ)
√
Σ3
Σ4k1K
. (60)
This last expression may be used together with the Euler-
Lagrange equation for B(r) to integrate ϕ(r). From the Euler-
Lagrange equation for B(r) we obtain
B=
√
2AM2Fωϕ2r +4AF2M2r +8MF2ArMr +3AM2F ′2ϕ2r
2AM2F2U−8AMFF ′ϕrMr−4M2FF ′ϕrAr
(61)
Equating (60) and (61) for U = 0, integrating for ϕ and re-
naming the constants we finally obtain
ϕ(r) = c4+ c5ln(
1
r
)+ c6ln(r). (62)
6 Solutions for a cylindrically symmetric tetrad
6.1 Jordan frame
In this section we are going to make similar calculations in
the Jordan frame (19) for a cylindrically symmetric space-
time. For this purpose we choose a static cylindrically sym-
metric spacetime [27] and write the corresponding diagonal
tetrad defined in cylindrical coordinate frame (t,r,φ ,z) with
general functional form given by
eiν =

A(r) 0 0 0
0 C(r) 0 0
0 0 M(r) 0
0 0 0 C(r)
 . (63)
Computing the point-like Lagrangian for the Jordan frame
(9) we obtain
LJF = −ϕ2r AMω−AC2MU−
2FCrMrA
C
−2FArMr− 2FArCrMC . (64)
Applying the Noether Symmetry Approach as we did for
the spherically symmetric tetrad we get the set of equations
given by
AMΩγM +
FA
C
βϕ +Fαϕ = 0, (65)
AMΩγC +
FM
C
αϕ +
FA
C
δϕ = 0, (66)
AMΩγA+
FM
C
βϕ +Fδϕ = 0, (67)
2AMΩγϕ +AMΩϕγ+MΩα+AΩδ = 0, (68)
F ′γ+
FM
C
βM +
FA
C
βA+FδM +FαA = 0, (69)
F ′M
C
γ+
FM
C
βC+
FM
C
αA− FMC2 β+
FA
C
δA+
F
C
δ+FδC = 0
(70)
FM
C
βA+FδA = 0, (71)
FA
C
βM +FαM = 0, (72)
FM
C
αC +
FA
C
δC = 0, (73)
F ′A
C
γ+
FM
C
αM +
FA
C
δM− FAC βC+
F
C
α− FA
C2
β +FαC = 0
(74)
AC2MVϕγ+MC2Vα+2ACMVβ +AC2Vδ = 0. (75)
We can immediately write down the solutions for α,β ,γ,δ
as
→
N5 = (A,0,0,−M), (76)
→
N6 = (A,−2C,0,M), (77)
→
N7 = (A,0,ϕ,0). (78)
7Considering these sets of values for α,β ,γ,δ , we find the
functional forms of F(ϕ),ω(ϕ),U(ϕ) as
F(ϕ) =
k3
ϕ2
, ω(ϕ) =
k4
ϕ3
, U(ϕ) =
k5
ϕ
. (79)
In order to integrate the tetrad potentials, we need con-
stants of motion for the first two sets of values of α,β ,γ,δ .
We thus find
Σ5 = 2F(MrA−MAr), (80)
Σ6 = 2F(MrA+MAr− 2MACrC ). (81)
By using the relation M = rA [27], and assuming ϕ(r) =
ln(r), we obtain
A(r) = K0r
Σ5−2
4k3 (82)
and
C(r) = K1r
1− Σ6+24k3 . (83)
6.2 Einstein frame
For (63) we obtain the Einstein frame Lagrangian (14) as
LEF = −AMC2U +ϕ2r (
AMω
F
− 3F
2
ϕAM
F2
)
−2MrCrA
C
+
2ϕrMrAC2Fϕ
F
+2ArMr
+
2ϕrCrACMFϕ
F
− 2CrArM
C
+
2ArϕrC2MFϕ
F
. (84)
We then apply the Noether Symmetry Approach as we did
for Jordan frame and find the equations given by
−(2AMω
F
+
3F ′2AM
F2
)γA+
2F ′CM2
F
γϕ
+(
2F”MC2
F
− 2F
′2MC2
F2
)γ+
2F ′MC2
F
αA
+
2F ′ACM
F
βA+
4F ′CM
F
β
−2M
C
βϕ +
2AC2F ′
F
δA−2δϕ +2F
′C2
F
δ = 0, (85)
2F ′AC2
F
γM− 2AC βM−2αM = 0, (86)
2F ′MAC
F
γM +
2F ′AC2
F
γC− 2MC αM
−2A
C
βC− 2AC δM−
2α
C
+
2Aβ
C2
−2αC = 0, (87)
2F ′M2C
F
γM+
2F ′AC2
F
γA− 2MC βM−
2A
C
βA−2δM−2αA = 0,
(88)
−(2AMω
F
+
3F ′2AM
F2
)γC +
2F ′CMA
F
γϕ
+(
2F”MCA
F
− 2F
′2MCA
F2
)γ+
2F ′MC2
F
αC
+
2F ′ACM
F
βC +
2F ′CM
F
α− 2M
C
αϕ
+
2AMF ′
F
β +2
F ′AC2
F
δC +2
F ′AC
F
δ − 2A
C
δϕ = 0, (89)
−(2AMω
F
+
3F ′2AM
F2
)γϕ − AMωϕFB γ
+
2F ′AMω
F2
γ− 3F
′F”AM
F2
γ+
3F ′3AM
F3
γ
−(Mω
F
+
3F ′2M
2F2
)α+
2F ′MC2
F
αϕ
−(Aω
F
+
3F ′2A
2F2
)δ +
2F ′AC2
F
δϕ +
2F ′ACM
F
βϕ = 0, (90)
2F ′ACM
F
γC− 2AC δC = 0, (91)
2F ′CM2
F
γC +
2F ′ACM
F
γA− 2MC βC
−2M
C
αA+
2M
C2
β − 2A
C
δA− 2Cδ −2δC = 0, (92)
2F ′CM2
F
γA− 2MC βA−2δA = 0, (93)
AC2MU ′γ+MC2Uα+2ACMUβ +AC2Uδ = 0, (94)
−3F
′2MA
F2
)γM +
2F ′AC2
F
γϕ +
2F ′C2M
F
αM
+
2F ′ACM
F
βM +
2AC2F ′
F
δM +2
F ′C2
F
α
+4
F ′CA
F
β − 2A
C
βϕ −2αϕ
+(
2F”AC2
F
− 2F
′2AC2
F2
)γ+
2ωAM
F
γM = 0, (95)
Two solutions are immediately found for (85)-(95) as
→
N8 = (A,0,0,−M), (96)
→
N9 = (0,0,k,0), (97)
8where k is a constant. Assuming M = rA , we find the corre-
sponding constants of motion as
Σ8 = 2MAr−2AMr, (98)
Σ9 = k(−ϕr(2MAωF +
3MAF ′2
F2
)+Mr
2AC2F ′
F
+Cr
2ACMF ′
F
+Ar
2MC2F ′
F
). (99)
From these two solutions, we find F(ϕ),ω(ϕ),U(ϕ) as
F(ϕ) = k6eKϕ , ω(ϕ) = k7e−2Kϕ , U(ϕ) =U0. (100)
Using the assumptions we made before, M = rA and ϕ(r) =
ln(r), we obtain A(r) as
A(r) = c7r
Σ8+2
4 , (101)
and after rearranging the constants, we obtain C(r) as
C(r) =
√
− c8
r3K
− c9
r2
+ c10 (102)
7 Conclusions
In this study we used the method proposed in [20] in order
to find exact solutions for f (T ) gravity for both spherical
and cylindrically symmetric. However, due to the absence of
Lorentz invariance, the approach is valid if a tetrad is fixed
and the related metric is derived.
The method is based on searching for Noether symme-
tries of the Lagrangians in the Jordan and the Einstein frames.
Similar to [20], we used constants of motion coming from
the Noether symmetries. The main difference was the use
of multiple constants of motion in order to eliminate some
of the equations to obtain the full integration. We first used
Jordan frame Lagrangian for a spherically symmetric tetrad
and, by two constants of motion, we eliminated B(r) and
integrated A(r). After that, by using the assumption ϕ(r) =
ln(r), we calculated B(r). When we switched to the Einstein
frame, we faced a more complicated structure. Nevertheless,
besides A(r) and B(r), the Einstein frame gave us the oppor-
tunity to integrate ϕ(r). Lastly, we obtained the Jordan and
Einstein frame Lagrangians for a general cylindrically sym-
metric tetrad. Following the same procedure as we did for
spherically symmetric case, we calculated the tetrad poten-
tials A(r) and C(r) with the help of two constants of motion
with three generating vectors in the Jordan frame and two
constants of motion with two generating vectors in the Ein-
stein frame.
As final remark, it is worth stressing that the possibil-
ity to achieve solutions in both frames by the existence of
Noether symmetries can help in interpreting the physical
meaning of the Jordan and the Einstein frame. For a dis-
cussion of this topic, see [28].
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